We evaluate static properties and semileptonic decays for the ground state of doubly heavy Ξ, Ξ ′ , Ξ * and Ω, Ω ′ , Ω * baryons. Working in the framework of a nonrelativistic quark model, we solve the three-body problem by means of a variational ansazt made possible by heavy quark spin symmetry constraints. To check the dependence of our results on the inter-quark interaction we use five different quark-quark potentials that include a confining term plus Coulomb and hyperfine terms coming from one-gluon exchange. Our results for static properties (masses, charge and mass radii, magnetic moments. . . ) are, with a few exceptions for the magnetic moments, in good agreement with a previous Faddeev calculation. Our much simpler wave functions are used to evaluate semileptonic decays of doubly heavy Ξ, Ξ ′ (J = 1/2) and Ω, Ω ′ (J = 1/2) baryons. Our results for the decay widths are in good agreement with calculations done within a relativistic quark model in the quark-diquark approximation.
I. INTRODUCTION
Even though only recently the mass of a doubly heavy baryon has been measured experimentally [1] , the subject has been attracting attention for a long time. Magnetic moments of doubly charmed baryons were evaluated back in the 70's by Lichtenberg [2] within a nonrelativistic approach. The infinite heavy quark mass limit was already used in the 90's to relate the spectrum of doubly heavy baryons to the one of mesons with a single heavy quark [3] , or to analyze their semileptonic decay [4] . In hadrons with a heavy quark and working in the infinite heavy quark mass limit the dynamics of the light degrees of freedom becomes independent of the heavy quark flavor and spin. This is known as heavy quark symmetry (HQS) [5, 6, 7, 8] . This symmetry was developed into an effective theory (HQET) [9] that allowed a systematic, order by order, evaluation of corrections in inverse powers of the heavy quark masses. Unfortunately ordinary HQS can not be applied directly to hadrons containing two heavy quarks as the kinetic energy term needed in those systems to regulate infrared divergences breaks heavy flavor symmetry [10] . For those I: Quantum numbers of doubly heavy baryons analyzed in this study. S, J P are strangeness and the spin parity of the baryon, I is the isospin, and S π h is the spin parity of the heavy degrees of freedom. l denotes a light u or d quark .
hadrons the symmetry that survives is heavy quark spin symmetry (HQSS) [11] , which amounts to the decoupling of the heavy quark spins in the infinite heavy quark mass limit. In that limit one can consider the total spin of the two heavy quark subsystem (S h ) to be well defined. In this work we shall assume this is a good approximation for the actual heavy quark masses. This approximation, which is the only one related to the infinite heavy quark mass limit that we shall use, will certainly simplify the solution of the baryon three-quark problem.
Solving the three-body problem is not an easy task and here we shall do it by means of a variational approach. The approach, with obvious changes, was already applied with good results in the study of baryons with one heavy quark [12] . This method, that leads to simple and manageable wave functions, is made possible by the simplifications introduced in the problem by the fact that we can consider S h to be well defined. We shall consider several simple phenomenological quark-quark interactions [13, 14, 15] which free parameters have been adjusted in the meson sector and are thus free of three-body ambiguities. The use of different interactions will allow us to estimate part of the theoretical uncertainties affecting our calculation.
Our simple variational calculation reproduces the results for static properties obtained in Ref. [15] by solving more involved Faddeev type equations. Static properties like masses and magnetic moments of doubly heavy baryons have also been studied in other models. Masses have been calculated in the relativistic quark model assuming a light quark heavy diquark structure [16] , the potential approach and sum rules of QCD [17] , the nonperturbative QCD approach [18] , the Bethe-Salpeter equation applied to the light quark heavy diquark [19] , the nonrelativistic quark model with harmonic oscillator potential [20] or with the use of QCD derived potentials [21, 22] , the relativistic quasipotential quark model [23] , with the use of the Feynman-Hellman theorem and semi-empirical mass formulas [24] , or in HQET [25] . There are also lattice determinations by the UKQCD Collaboration [26] . Similarly, magnetic moments have been evaluated in a nonrelativistic approach [2] , in the relativistic three-quark model [27] , the relativistic quark model using different forms of the relativistic kinematics [28] , in the skyrmion model [29] , in the Dirac equation formalism [30] , or using the MIT bag model [31] .
We shall further use our manageable wave functions to study semileptonic decays of doubly, J = 1/2, baryons. We shall evaluate form factors, decay widths and angular asymmetry parameters. Previous calculations of semileptonic decay widths have been done in different relativistic quark model approaches [32, 33, 34] , or with the use of HQET [35] .
The paper is organized as follows. In Sect. II we study the Hamiltonian of the system (Subsect. II A) and briefly introduce the different inter-quark interactions used in this work (Subsect. II B). The variational wave functions are discussed in Sect. III. In Sect. IV we present results for the static properties: masses (Subsect. IV A), charge and mass densities and radii (Subsect. IV B), and magnetic moments (Subsect. IV C). Semileptonic decays are analyzed in Sect. V. After the presentation of general formulas, in Subsect. V A we relate the form factors to matrix elements and show how the latter ones are evaluated within our model. In Subsect. V B we present our results for the form factors, differential and total semileptonic decay widths, and angular asymmetry parameters. The findings of this work are summarized in Sect. VI. The paper also includes three appendices: in appendix A we give the variational wave function parameters for the five different inter-quark interactions used. In appendix B we relate the form factors for semileptonic decay to the two basic integrals in terms of which all of them can be obtained. Finally, in appendix C we give explicit expressions for those basic integrals.
In Table I we summarize the quantum numbers of the doubly heavy baryons considered in this study.
II. THREE BODY PROBLEM A. Intrinsic Hamiltonian
In the Laboratory (LAB) frame (see Fig. 1 ), the Hamiltonian (H) of the three quark (h 1 , h 2 , q, where h 1 , h 2 = c, b and q = l(u, d), s) system reads:
where m h1 , m h2 , m q are the quark masses and the quark-quark interaction terms V jk depend on the quark spin-flavor quantum numbers and the quark coordinates ( x h1 , x h2 , x q for the h 1 , h 2 ,uarks respectively). To separate the Center of Mass (CM) free motion, we go to the light quark frame ( R, r 1 , r 2 ), where R and r 1 , r 2 are the CM position in the LAB frame and the relative positions of the h 1 , h 2 heavy quarks with respect to the light quark q. The Hamiltonian now reads
where M = m h1 + m h2 + m q , µ j = 1/m hj + 1/m q −1 and → ∇j= ∂/∂ rj , j = 1, 2. The intrinsic Hamiltonian H int describes the dynamics of the baryon. It consists of the sum of two single particle Hamiltonian H sp j , each of them describing the dynamics of a heavy-light quark system, plus the heavy-heavy interaction term, including the HughesEckart term (
, and the sum of the quark masses M . We will use a variational approach to solve it.
B. Quark-Quark Interactions
We have examined five different interactions, one suggested by Bhaduri and collaborators [13] (BD) and four suggested by B. Silvestre-Brac and C. Semay [14, 15] (AL1, AL2, AP1 y AP2). All of them contain a confinement term, plus Coulomb and hyperfine terms coming from one-gluon exchange, and differ from each other in the form factors used for the hyperfine terms, the power of the confining term or the use of a form factor in the one gluon exchange Coulomb potential. All free parameters in the potentials had been adjusted to reproduce the light (π, ρ, K, K * , etc.) and heavy-light (D, D * , B, B * , etc.) meson spectra 1 . All details on the above interactions can be found in Refs. [13, 14, 15] .
These interactions were also used in Ref. [15] to obtain, within a Faddeev calculation, the spectrum and static properties of heavy baryons. Our simpler variational method will not only give equally good results for the observables analyzed in [15] , but it will also provide us with easy to handle wave functions that can be used to evaluate other observables.
1 To get the quark-quark interaction starting from a quark-antiquark one the usual Vij = Vij /2 prescription, coming from a λ i λ j color dependence ( λ are the Gell-Mann matrices) of the whole potential, has been assumed.
III. VARIATIONAL WAVE FUNCTIONS
For the above mentioned interactions, we have that both the total spin and the internal orbital angular momentum given as
commute with the intrinsic Hamiltonian and are thus well defined. We are interested in the ground state of baryons with total angular momentum J = 1/2, 3/2 so that we can assume the orbital angular momentum of the baryons to be L = 0. This implies that the spatial wave function can only depend on the relative distances r 1 , r 2 and r 12 = | r 1 − r 2 |. Furthermore when the heavy quark mass is infinity (m h → ∞), the total spin of the heavy degrees of freedom, S heavy = ( σ h1 + σ h2 ) /2, commutes with the intrinsic Hamiltonian, since the spin-spin terms in the potentials vanish in this limit. We can then assume the spin of the heavy degrees of freedom to be well defined.
With these simplifications we have used the following intrinsic wave functions in our variational approach 2
• Ξ h1h2 , Ω h1h2 −type baryons:
where M J is the third component of the baryon total angular momentum while |h 1 h 2 ; S h , M S h and |q; • Ξ * h1h2 , Ω * h1h2 −type baryons:
Similarly to the case before for h 1 = h 2 we need Ψ
In this case h 1 = h 2 and we do not need the orbital part to have a definite symmetry under the exchange of the two quarks.
The spatial wave functions Ψ(r 1 , r 2 , r 12 ) in the above expressions will be determined by the variational principle: δ B|H int |B = 0. For simplicity, we shall assume a Jastrow-type functional form 3 :
where N is a constant, which is determined from normalization
2 We omit the antisymmetric color wave function and the plane wave for the center of mass motion which are common to all cases. 3 A similar form lead to very good results in the case of baryons with a single heavy quark [12] . with µ being the cosine of the angle between the vectors r 1 and r 2 (r 12 = ( r
). The functions φ h1q and φ h2q will be taken as the S−wave ground states ϕ j (r j ) of the single particle Hamiltonians H sp j of Eq. (4) modified at large distances
The heavy-heavy correlation function F B will be given by a linear combination of gaussians
The value of one of the a j parameters can be absorbed into the normalization constant N , so that we fix a 1 = 1. The values that we get for all parameters are given in appendix A
IV. STATIC PROPERTIES

A. Masses
The mass of the baryon is simply given by the expectation value of the intrinsic Hamiltonian. Our results (VAR) appear in Table II where we compare them with the ones obtained in Ref. [15] with the use of the same inter-quark interactions but within a Faddeev approach (FAD). For that purpose we have eliminated from the latter a small three-body force contribution of the type V 123 = constant/m h1 m h2 m q that was also included in the evaluation of Ref. [15] . We will show their full results in the following tables. Whenever comparison is possible we find an excellent agreement between the two calculations. In some cases the variational masses are even lower than the Faddeev ones. Besides we give predictions for states that were not considered in the study of Ref. [15] .
In Tables III and IV we compare our results with other theoretical calculations. Our central values correspond to the results obtained with the AL1 potential, while the errors quoted take into account the variation when using different potentials. The same presentation is used for the results obtained in Ref. [15] for which we now show their full values including the contribution of the three-body force. All calculations give similar results that vary within a few per cent. From the experimental point of view the SELEX Collaboration [1] has recently measured the value of M Ξcc . This experimental value is 100 MeV smaller that our result. Note nevertheless that in Ref. [1] no account is given of The lattice calculation of Ref. [26] has also made an independent determination of the splittings which are given by
Our results agree with the above splittings within errors.
B. Charge and mass densities and radii
The baryon charge density at the point P (coordinate vector r in the CM frame, see Fig. 1 ) is given by:
where e h1, h2, q are the quark charges in proton charge units e, and from Fig. 1 we have 5 y h1 = y q + r 1 , y h2 = y q + r 2 and y q = − (m h1 r 1 + m h2 r 2 ) /M . Since our L = 0 wave functions only depend on scalars (r 1 , r 2 and r 12 ) the charge density is spherically symmetric (ρ
The charge form factor is defined as usual
and it only depends on | q |. Its value at q = 0 gives the baryon charge in units of the proton charge. The charge mean square radii are defined In Figs. 2, 3 and 4 we show the charge form factors for the different doubly heavy baryons under study including the two different charge states for the doubly heavy Ξ ones. We show the calculations with both the AL1 potential of Refs. [14, 15] and the BD potential of Ref. [13] . The differences between the two calculations are minor in most cases.
In Table V we show the charge mean square radii. With the exceptions of the Ξ 0 bc and Ω 0 bc , we find good agreement with the results obtained in Ref. [15] within a Faddeev calculation. The possible presence of a S h = 0 contribution in the wave functions of Ref. [15] could be the possible explanation for this discrepancy. We also compare with the results obtained, for a few states, in Ref. [28] with the use a relativistic quark model in the instant form. The agreement is bad in this case.
The baryon mass density, ρ B m (r) is readily obtained from Eq. (14) with the obvious substitutions (e h1 , e h2 , e q ) where we have normalized ρ 
In Figs. 5,6, 7 we show the mass densities for the different doubly heavy baryons under study. We show the mass densities, as defined in Eq. (17) , for each quark flavor in the baryon and for the AL1 potential of Refs. [14, 15] and the BD potential of Ref. [13] . There are visible differences at small r mainly for light quarks. The differences at large r values are less significant as densities are very small in those cases.
The mass mean square radii are shown in 
C. Magnetic moments
The orbital part of the magnetic moment is defined in terms of the velocities v of the quarks, with respect to the position of the CM, and it reads
Since our orbital wave function has L = 0, the orbital magnetic moment vanishes. The magnetic moment of the baryon is then entirely given by the spin contribution.
Those matrix elements are trivially evaluated with the results
e q 2m q 6 Note that the classical kinetic energy has a term on v h 1 · v h 2 and then the operator m h 1 v h 1 is not proportional to −i 
In Table VII we give our numerical results. Our central values, as the ones obtained in Ref. [15] within a Faddeev approach, have been evaluated with the use of the AL1 potential. When compared to the values obtained in Ref. [15] we find very good agreement with just a few exceptions (Ξ 0 bc , Ξ + bc , Ω 0 bc ). The discrepancy for the latter baryons may come from a possible non negligible S h = 0 contribution to their wave functions in the calculation of Ref. [15] . In our case we have fixed S h = 1 which we think is a very good approximation since in the limit of infinite heavy quark masses the spin of the heavy quark degrees of freedom is well defined. We also compare our results to the ones obtained in Refs. [2, 27, 28, 29, 30, 31] using different approaches 7 . The differences are large in some cases and sometimes even the signs are opposite. Being L = 0 a good approximation and with m b ≫ m u , m d , m s , and to a lesser extent m c ≫ m u , m d , m s , the values of the magnetic moments are essentially determined by the spin contribution of the light quark. To the extent that a fixed S h is also a good approximation one would not expect to obtain different signs in different models.
V. SEMILEPTONIC DECAY
In this section we shall use the wave functions obtained with the variational method to study different doubly B(1/2 + ) → B ′ (1/2 + ) baryon semileptonic decays involving a b → c transition at the quark level. The differential decay width reads
where |V cb | is the modulus of the corresponding Cabibbo-Kobayashi-Maskawa matrix element, m B ′ is the mass of the final baryon, G F = 1.1665 × 10 −11 MeV −2 [36] is the Fermi decay constant, p, p ′ , k and k ′ are the four-momenta of the initial baryon, final baryon, final anti-neutrino and final lepton respectively, and L and H are the lepton and hadron tensors.
The lepton tensor is given as
where we use the convention ǫ 0123 = −1, g µµ = (+, −, −, −). The hadron tensor is given as
with |B, r p (|B ′ , r ′ p ′ ) representing the initial (final) baryon with three-momentum p ( p ′ ) and spin third component r (r ′ ). The baryon states are normalized such that r p | r
The hadron matrix elements can be parametrized in terms of six form factors as
where u Neglecting lepton masses, we have for the differential decay rates from transversely (Γ T ) and longitudinally (Γ L ) polarized W 's (the total width is Γ = Γ L + Γ T ) [37] 
One can also evaluate the polar angle distribution [37] :
where θ is the angle between k ′ and p ′ measured in the off-shell W rest frame, and α ′ and α ′′ are asymmetry parameters given by
These asymmetry parameters are functions of the velocity transfer w and on averaging over w the numerators and denominators are integrated separately and thus we have
A. Form factors
To obtain the form factors we have to evaluate the matrix elements
which in our model are given by
where the suffix "N R" denotes our nonrelativistic states and the factors E/m take into account the different normalization. We shall work in the initial baryon rest frame so that p = 0, p ′ = − q, and take q in the positive z direction. Furthermore we shall use the spectator approximation. Having all this in mind we have in momentum space
where (r 1 , r 2 , r 12 ) ) with q 1 , q 2 being the conjugate momenta to the space variables r 1 , r 2 . The factor of two comes from the fact that: i) for bc−baryon decays, the charm quark resulting from the b → c transition could be either the particle 1 or the particle 2 in the final cc baryon, while ii) for bb−baryon decays, there exist two equal contributions resulting for the decay of each of the two bottom quarks of the initial baryon.
The actual calculation is done in coordinate space where we have
where l = −i → ∇1 represents an internal momentum which is much smaller than the heavy quark masses m b , m c . On the other hand | q | can be large 8 . Thus, to evaluate the above expression we have made use of an expansion in l, introduced in Ref. [38] , where second order terms in l are neglected, while all orders in | q | are kept. For instance
c + q 2 . The three vector and three axial form factors can be extracted from the set of equations
for the vector form factors and
B which is ≈ m B /3 for the transitions under study. 9 Remember q is in the z direction. Notice also that, for p = 0, w is just a function of | q |.
for the axial ones. All the left hand side terms can be evaluated using Eq. (33) with the approximation mentioned above.
For each transition there are only two different coordinate space integrals from which all different matrix elements can be evaluated. Those integrals are
In appendix B we relate the form factors to the integrals I
′ h combinations, while in appendix C we give the actual expressions we use to evaluate those integrals.
Current conservation
In the limit m b = m c and for B ′ = B (and thus S h = S ′ h ) vector current conservation provides a relation among the vector F 2 and F 3 form factors, namely
On the other hand the matrix element of the zeroth component of the vector current evaluated at w = 1 just counts the number of heavy quarks so that we should have
In this limiting situation the integrals I BB (| q |) and K BB (| q |) are related by
Besides one has that I BB (0) = 1. Using now the relations in Eq.(B4) in appendix B we see that our model satisfies the constraint in Eq. (38) exactly. On the other hand we violate current conservation . For instance, and again using the relations in Eq.(B4), we obtain for w = 1
which shows that current conservation is violated by a term proportional to the binding energy of the baryon divided by the sum of the masses of its constituents. Improvements on vector current conservation would require at minimum the introduction of two-body currents [39] , going thus beyond the spectator approximation, that we have not considered in this analysis. This deficiency is shared by all previous calculations [32, 33, 34, 35] . Note also that, for transitions that do not conserve the spin of the heavy quark subsystem S h (i.e. Ξ ′0 bc → Ξ + cc lν l ) we have in the m b = m c limit and at zero reocoil that
due to the orthogonality of the initial and final baryon wave-functions. 10 One just has to integrate by parts in the 
B. Results
In Figs. 8, 9 we show the form factors for the different transitions evaluated with the AL1 potential. Variations when using a different potential are at the level a few per cent at most. The results for doubly heavy Ξ decays are almost identical to the corresponding ones for doubly heavy Ω decays. The fact that we have two heavy quarks and that the light one acts as a spectator makes the results almost independent of the light quark mass.
In Figs. 10, 11 we show now our results for the differential dΓ T /dw, dΓ L /dw and dΓ/dw decay widths evaluated with the AL1 and BD potentials. The differences between the results obtained with the two inter-quark interactions could reach 30% for some transitions and for some regions of w. As a consequence of the apparent SU(3) symmetry in the form factors we also find that the results for doubly heavy Ξ and Ω decays are very close to each other. This apparent SU(3) symmetry goes over to the integrated decay widths and asymmetry parameters.
In Table VIII we give our results for the semileptonic decay width (transverse Γ T , longitudinal Γ L and total Γ) for the different processes under study. Our central values have been evaluated using the AL1 potential while the errors show the variations when changing the interaction. The biggest variations appear for the BD potential for which one obtains results which are larger by 7 ∼ 12%. In Table IX we compare our results to the ones calculated in different models. For that purpose we need a value for |V cb | for which we take |V cb | = 0.0413. Our results are in reasonable agreement with the ones in Ref. [32] where they use a relativistic quark model evaluated in the quarkdiquark approximation, and with the Γ(Ξ bc → Ξ cc ) value of Ref. [35] obtained using HQET. The value for the latter width but now evaluated in the relativistic three-quark model calculation of Ref. [33] is much smaller than in any other calculation. On the other hand in Ref. [34] , where they use the Bethe-Salpeter equation applied to a quark-diquark system, they obtain much larger results for all transitions.
In Table X we compile our results for the average angular asymmetries α ′ and α ′′ , as well as the R L/T ratio, introduced in Eq. (29) . The central values have been obtained with the AL1 potential. Being all quantities ratios the (29). We also show the ratio R L/T = ΓL/ΓT . The central values have been obtained with the AL1 potential. l stands for a light charged lepton, l = e, µ variation when changing the inter-quark interaction are in most cases small.
VI. SUMMARY
We have evaluated static properties and semileptonic decays for the ground state of doubly heavy Ξ and Ω baryons. The calculations have been done in the framework of a nonrelativistic quark model with the use of five different interquark interactions. The use of different quark-quark potentials allows us to obtain an estimation of the theoretical uncertainties. In order to build our wave functions we have made use of the constraints imposed by the infinite heavy quark mass limit. In this limit the spin-spin interactions vanish and the total spin of the two heavy quarks is well defined. With this approximation we have used a simple variational approach, with Jastrow type orbital wave functions, to solve the involved three-body problem.
Among the static properties, our results for the masses are in very good agreement with previous results obtained with the same inter-quark interactions but within a more complicated Faddeev approach [15] . In some cases we even get lower, and thus better, masses. We have calculated mass densities and charge densities (charge form factors) finding that the corresponding mean square radii are again in good agreement with the Faddeev calculation of Ref. [15] . We have also evaluated magnetic moments. Being the total orbital angular momentum of the baryon L = 0, the magnetic moments come from the spin contributions alone. With the exception of Ξ 0 bc , Ξ + bc and Ω 0 bc we agree perfectly with the Faddeev calculation in Ref. [15] . For the magnetic moments of Ξ 0 bc , Ξ + bc and Ω 0 bc the discrepancies between the two calculation are very large. The origin might be attributed to the presence of a non-negligible S h = 0 component in the wave functions of Ref. [15] . In our case we have S h = 1 which we think is a good approximation based on the infinite heavy quark mass limit. This assertion seems to be corroborated by the results obtained in the relativistic calculation of Ref. [27] , at least for the Ξ 0 bc and Ω 0 bc cases. We have used our simple wave functions to study the semileptonic decay of doubly Ξ(J = 1/2) and Ω(J = 1/2) baryons. We have worked in the spectator approximation with one-body currents alone. In the m b = m c case and for B = B ′ baryons we have checked that our model satisfies baryon number conservation. On the other hand we have a small vector current violation by an amount given by the binding energy over the mass of the baryon. With this model we have evaluated form factors, asymmetry parameters, differential decay widths and total decay widths. Our results for the latter are in reasonable agreement with the ones obtained in Ref. [32] using a relativistic quark model in the quark-diquark approximation, while they are much smaller than the ones obtained in Ref. [34] by means of the Bethe-Salpeter equation applied to a quark-diquark system.
For the weak form factors the results exhibit an apparent SU(3) symmetry when going from Ξ to Ω baryons. This is due to the fact that we have two heavy quarks and the light one acts as a spectator in the weak transition. This apparent symmetry appears also in the decay widths and asymmetry parameters. On the other hand SU(3) violating effects are clearly visible in some static quantities like the charge form factors and radii, the light quark mass densities , and the magnetic moments, that depend strongly on the light quark charge and/or mass. 60 0.29 0.30 1.29 1.20 1.70 1.27 0.25 0.94 0.85 1.33 
• Cases S h = 1, S ′ h = 0 or S h = 0, S ′ h = 1:
where E c ( q ) = m 2 c + q 2 . From the above expressions we have that F 2 = F 3 .
